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The three-dimensional governing equations of the flow field that is developed when
an elasto-plastic flexible porous medium, capable of undergoing extremely large
deformations, is struck head-on by a shock wave, are developed using a multi-phase
approach. The one-dimensional version of these equations is solved numerically
using an arbitrary Lagrangian–Eulerian (ALE) based numerical code. The numerical
predictions are compared qualitatively to experimental results from various sources
and good agreement is obtained. This study complements our earlier study in which
we developed and solved, using a total variation diminishing (TVD) based numerical
code, the governing equations of the flow field that is developed when an elastic
rigid porous medium, capable of undergoing only very small deformations, is struck
head-on by a shock wave.

1. Introduction
If a local study of the flow field that is developed inside a porous medium after

it is struck head-on by a shock wave is required, an analysis based on a continuum
multi-phase approach, rather than a single-phase approach (e.g. the mixing approach),
should be carried out.

The basic idea in the single-phase approach is to replace the solid matrix and the
fluid occupying the pores by a single fictitious phase. This approach has been applied
in two different manners. The first, known as the bulk approach is appropriate for
both flexible and rigid porous materials.† In this approach, the porous material is
assumed to be a single phase whose properties are derived from the properties of the
individual phases comprising it. Using this approach, Mazor et al. (1994) developed
the Lagrangian governing equations describing the head-on collision of planar shock
waves with flexible foams. The numerical predictions of this model when compared
to experimental results, as reported by Ben-Dor et al. (1994), yield relatively good
agreement. The second, known as the pseudo-gas approach, is appropriate to gas-
saturated weak flexible porous materials. In this approach, proposed by Gelfand,

† We use the term ‘rigid’ in the loose relative sense, which is in common when applied to porous
materials, in general, and in particular, i.e. that deformations do not exceed a few percent.
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Gubanov & Timofeev (1983), the gaseous phase and the foam matrix are treated as
a homogeneous pseudo-gas with new properties. The interaction problem is reduced
to the refraction of a planar shock wave at a gaseous interface (i.e. the interface
separating the pure gas and the pseudo-gas). Consequently, the flow field can be
calculated using gas dynamic relations with the boundary condition that the pressures
and the velocities in the flow states on either side of the gas/foam interface are equal.
Based on this approach, Gvozdeva & Faresov (1986) and Olim et al. (1994) developed
an analytical model to calculate various parameters in the flow field.

In the multi-phase approach, the porous medium is considered to be composed of
more than one phase, namely the solid matrix and the fluids that occupy its pores,
which interact with each other. Baer & Nunziato (1986) present a detailed description
of this approach. Baer (1988), Powers, Stewart & Krier (1989) and Levy et al. (1993a)
presented a one-dimensional two-phase analysis with air as the fluid phase. In their
numerical solutions, they presented simplified analytical models for calculating the
jump conditions across compaction waves in rigid porous materials.

Biot’s (1956) analysis referred to microscopic representations of the phase balance
equations within the framework of the theory of mixtures and was probably the
first to employ the notion of wave propagation in porous media. A large number
of papers have appeared in the literature following Biot’s pioneering work. Among
the recent ones are those by Smeulders, de la Rosette & van Dongen (1992), De-
grande & de Roeck (1992) and Nigmatulin & Gubaidulin (1992). Most refer to linear
acoustic waves that occur when the momentum dissipation terms dominate. Atten-
borough (1982), as an example, presented a theory dealing with the motion of sound
waves through an ideal saturated porous matrix with parallel cylindrical pores. Using
microscopic physical parameters, he extended this theory to account for randomly
distributed pores. An extensive literature survey of similar approaches is given by
Corapcioglu (1991).

Macroscopic mass, momentum and energy balance equations for the fluid phase
and the solid matrix were formulated on the basis of representative elementary volume
(REV) concepts by Bear & Bachmat (1990). These macroscopic balance equations
were composed of averaged flux terms together with integrals of the microscopic
exchange flux terms at the phase interfaces. Some unique macroscopic parameters,
which emerged from the averaging process, were the tortuosity factor that represents
a tensor associated with the matrix directional cosines, the hydraulic radius of the
pore spaces, and the porosity that represents the volume fraction of the pores filled by
the fluids. Consequently, unlike preceding models (e.g. Baer 1988), which accounted
only for the properties of the phases, the macroscopic model developed by Bear &
Bachmat (1990) also accounted for the geometrical properties.

Based on these, Bear & Sorek (1990) developed the dominant macroscopic forms
of the mass and momentum balance equations following an abrupt pressure impact
in saturated porous materials under isothermal conditions. It was shown that during
a certain time period, due to the domination of the momentum inertial terms the
fluid momentum balance equation conforms to nonlinear waveforms for which the
wave speed is also a function of the structure of the porous material.

This initiated the establishment of the macroscopic theoretical basis for wave
motion in multi-phase deformable porous media.

Bear et al. (1992) and Sorek et al. (1992) elaborated these for the case of thermo-
elastic porous media, describing the theoretical basis for obtaining displacement and
shock waves, respectively. Following Sorek et al. (1992), Levy et al. (1995) intro-
duced additional Forchheimer terms (an additional macroscopic inertial term at the
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solid/fluid interface) and obtained a variety of nonlinear wave equation forms. These,
together with the development of the evolving balance equations that follow an
abrupt simultaneous change of the fluid temperature and pressure, were the major
novel theoretical aspects when compared with Nikolaevskij (1990).

Levy et al. (1995) conducted a dimensional analysis of these macroscopic balance
equations and obtained the macroscopic momentum and energy balance equations,
for a saturated (i.e. that all the pores are occupied by the same fluid) elastic rigid
(limited to very small deformations) porous medium.

Levy, Ben-Dor & Sorek (1996) developed a total variation diminishing (TVD)-based
computer code and numerically solved the full one-dimensional set of governing
equations that, as mentioned earlier, was developed and presented by Levy et al.
(1995). The numerical predictions were compared to experimental results and very
good to excellent agreement was evident (see e.g. figures 1 and 2 and subsequent
discussion). Many more details can be found in Levy (1995).

Unlike the above-mentioned model of Levy et al. (1996), in the present study a model
that allows the solid matrix to undergo extremely large deformations is developed. As
a result the governing equations include different constitutive equations. In addition,
Hooke’s law is expressed, in the present case, in terms of the stress rate as a function of
the strain rate, i.e. σ̇ = f (̇ε), rather than the stress as a function of the strain σ = f(ε).
This change results in an additional differential equation in the set of governing
equations, which, in turn, requires an additional integration. The ability of the porous
medium to undergo extremely large deformations prevented us from adopting the
TVD-based computer code, which was developed by Levy et al. (1996). Instead, a new
code, which includes an interface tracking technique, originally proposed by Chan
(1975), aimed at tracking the porous medium interface, was developed.

The one-dimensional version of the governing equations is numerically solved.
The upwind TVD shock-capturing scheme (which is based on an Eulerian method)
originally developed by Harten (1983), is extended to solve the governing equations of
the gaseous phase field and a Lagrangian method is extended to solve the governing
equations of the solid phase. As a result, a mixed Lagrangian and Eulerian method
(ALE) is, in fact, implemented in order to predict the characteristics of the entire flow
field.

2. Three-dimensional governing equations
Levy et al. (1995) presented a detailed derivation of the three-dimensional macro-

scopic governing equations describing the flow field that is developed when waves
propagate in a saturated porous medium. In the following only the assumptions used
in the derivation of the governing equations and the final form of the equations are
given.

2.1. The Assumptions

(i) The fluid filling the pores is a gas.
(ii) The fluid is ideal, i.e. inviscid, µf = 0, and thermally non-conductive, λf = 0.

Here µf is the dynamic viscosity and λf is the thermal conductivity.
(iii) The gas obeys the equation of state of a perfect gas.
(iv) The dispersive and the diffusive mass fluxes of the gaseous phase, and the

dispersive flux of the solid phase, are much smaller than the corresponding advective
fluxes, and can, therefore, be neglected.
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(v) The dispersive momentum fluxes of the gaseous and the solid phases are
much smaller than their advective fluxes, and can, therefore, be neglected.

(vi) The conductive and the dispersive heat fluxes of the gaseous phase are
negligibly small when compared to their advective heat fluxes.

(vii) The microscopic solid/fluid interfaces are material surfaces with respect to
the mass of both the gaseous and the solid phases.

(viii) The solid matrix is flexible, and is assumed to be an elasto-plastic.
(ix) The stress–strain relationships for the solid matrix at the microscopic level

and at the macroscopic level have the same form.
(x) The material of which the skeleton of the porous material is made is incom-

pressible.
(xi) The specific heat capacity at constant volume of the fluid, Cf , is constant.

(xii) The energy processes for the gaseous phase are reversible.
(xiii) There are no external energy sources.
(xiv) The energy associated with viscous dissipation is negligibly small.
(xv) The rate of heat transferred between the gaseous and solid phases is negligibly

small.
(xvi) The solid phase is isothermal.

2.2. The balance equations

The macroscopic mass balance equation for the fluid phase is

∂

∂t
[φρg] = −∇ · [φρgV g], (1)

where ρg is the density of the fluid, V g is its velocity vector, and φ is the porosity.
The macroscopic mass balance equation for the solid phase is

∂

∂t
[(1− φ)ρs] = −∇ · [(1− φ)ρsV s], (2)

where ρs is the density of the solid (assumed to be constant), and V s is its velocity
vector.

The macroscopic momentum balance equation for the fluid phase is

∂

∂t
(φρgV g) = −∇ · [φρgV gV g]− φT ∗[∇Pg + ρgg∇Z]− φρgF̃ gsV gsV gs, (3)

where Pg , which denotes the pressure of the fluid, is prescribed by the equation of
state (see equation (6)), g denotes the acceleration due to gravity in the Z-direction,
F̃ gs and T ∗ denote the Forchheimer tensor for an isotropic solid matrix and the fluid
tortuosity tensor associated with the directional cosines at the solid-fluid interface,
and V gs(≡ V g − V s) denotes the relative velocity between the gaseous and solid
phases, respectively.

The macroscopic momentum balance equation for the solid phase is

∂

∂t
[(1− φ)ρsV s] = −∇ · [(1− φ)ρsV sV s] + ∇σ′s − (1− φT ∗)∇Pg + φρgF̃ gsV gsV gs

(4)

where σ′s denotes the macroscopic constitutive relation for the effective stress of an
elasto-plastic solid matrix as given by Bear et al. (1992). It is given in equation (7).
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The macroscopic energy balance equation for the fluid phase is

∂

∂t

[
φρg

(
eg +

V 2
g

2

)]
= −∇ ·

[
φρgV g

(
eg +

V 2
g

2

)]
− φT ∗V g∇Pg

−φρgF̃ gsV gsV gsV s, (5)

where eg is the internal energy of the fluid.
The equation of state for the fluid phase (i.e. assumed to be a perfect gas) is

Pg = ρg<Tg. (6)

Here < is the specific gas constant and Tg denotes the gas absolute temperature.
It should be noted here that unlike Levy et al. (1996), who treated a thermo-elastic

solid matrix, an elasto-plastic model is treated in the present model, in order to enable
the solid matrix to undergo extremely large deformations. As a result Hooke’s law is
expressed in terms of the stress rate dependence on the strain rate:

σ̇′si = λ′′s
V̇

V
+ 2µ′sε̇i (7)

where µ′s and λ′′s are the Lame’s constants of a solid, V is the volume of the solid and
I denotes a unit tensor. The overdot means a time derivative along a particle path. It
should be noted here that natural strain is used when the Hooke’s law is expressed in
this way. Natural strain means that the strain of an element is referred to the actual
configuration instead of the original configuration. The macroscopic strain rate tensor
for the solid matrix is defined as

ε̇ = 1
2
[∇V s + (∇V s)

T ] (8)

The volumetric strain can be obtained from the macroscopic mass balance equation.
The solid macroscopic mass balance equation along a particle path is

D

Dt
[(1− φ)ρs] = −∇ · V s. (9)

One can define the relative volume, V = ρ̄so/ρ̄s, where ρ̄so = (1 − φo)ρs and
ρ̄s = (1− φ)ρs, and rewrite the mass balance equation in the following form:

1

V

DV

Dt
= ∇ · V s. (10)

The stresses can be decomposed into a hydrostatic component, P , and a deviator
component, τ , where P is the mean of the three principle stresses

σ′si = −Psi + τi (11)

With the aid of equations (7) and (11) Hooke’s law can be expressed as

τ̇si = 2µ′s

(
ε̇i − 1

3

V̇

V

)
, Ṗ = −K V̇

V
, (12)

where K , the bulk modulus, is given by K = (λ′′s + 2/3µ′s).
The yield condition (von Mises) is written as

τ2
1 + τ2

2 + τ2
3 6

2
3
(Y o)2, (13)

where Y o is the yield strength in simple tension. Following the calculation of the



290 D. Levi-Hevroni, A. Levy, G. Ben-Dor and S. Sorek

stress deviators, using Hooke’s law (equation (12)), the yield condition, given by
equation (13), was checked. If the yield condition was not fulfilled the solid was
allowed to deform plastically under a constant stress equal to the maximum value
that satisfied equation (13). This was accomplished by multiplying each of the stress

deviators by
√

2/3Y o/
√
τ2

1 + τ2
2 + τ2

3. The normal stress was independent of the
plastic deformation, and an equation of state having the form P = P (V ) was used to
calculate the normal stress.

2.3. One-dimensional governing equations

In the present study, the one-dimensional version of the set of three-dimensional
governing equations presented above was solved. The mass, momentum and energy
balance equations of the gaseous phase occupying the pores of the porous medium
are

∂

∂t
(φρg) = − ∂

∂x
(φρgug), (14)

∂

∂t
(φρgug) = − ∂

∂x
(φρgugug)− φT ∗ ∂Pg

∂x
− φρgF̃gsugsugs (15)

and

∂

∂t

[
φρg

(
eg +

u2
g

2

)]
= − ∂

∂x

[
φρgug

(
eg +

u2
g

2

)]
− T ∗φug ∂Pg

∂x

−φρgF̃gsugsugsus (16)

The conservation of mass and momentum equations of the solid phase along a
particle path are

Dρ̄s
Dt

= −ρ̄s ∂us
∂Xs

(17)

and

ρ̄s
Dus
Dt

+
∂σ′s
∂Xs

= (1− φT ∗) ∂pg
∂Xs

+ φρgF̃gsugsugs. (18)

3. The numerical method
An upwind TVD shock-capturing scheme, originally developed by Harten (1983),

was extended to solve the problem of the gas flow, which described wave propagation
and interaction in saturated porous media. Since, in this scheme, it is difficult to keep
track of the porous medium interface as it moves through the Eulerian mesh, a mixed
Lagrangian and Eulerian method was used in order to keep track of the front and
still be able to exchange values from the solution of the gaseous phase with those of
the solid phase. The resulting scheme is known as an arbitrary Lagrangian Eulerian
(ALE) method. (For more details see Hint, Amsden & Cook 1974.)

3.1. The TVD scheme for solving the conservation equations of the gaseous phase

The scheme for solving the conservation equations of the gaseous phase in a conser-
vative form is

U n+1
j = U n

j − λ(F̄ j+1/2 − F̄ j−1/2) + ∆tQj , (19)

where the parameter λ is defined by

λ ≡ ∆t/∆x (20)
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and the numerical flux, F̄ j+1/2, is evaluated from

F̄ j+1/2 =
1

2

[
F (U n

j ) + F (U n
j+1)− 1

λ

6∑
k=1

βkj+1/2R
k
j+1/2

]
, (21)

where βkj+1/2 is

βkj+1/2 = Ψk(νkj+1/2 + γkj+1/2)α
k
j+1/2 − (gkj + gkj+1).

The various parameters in the above expression are

νkj+1/2 = λak(U j+1/2), (22)

γkj+1/2 =

{
(gki+1 − gki )/αkj+1/2, αkj+1/2 6= 0

0, αkj+1/2 = 0,
(23)

gki = sgn(g̃kj+1/2) max[0,min(|g̃kj+1/2|, g̃kj−1/2 sgn(g̃kj+1/2))],

g̃kj+1/2 = 1
2
[Ψk(νkj+1/2)− (νkj+1/2)

2]αkj+1/2,

}
(24)

Ψ (x) =

{
x2/4ξ + ξ, |x| < 2ξ

|x|, |x| > 2ξ
, ξ =

{
0.1, (∂ak/∂U )Rk 6= 0

0, (∂ak/∂U )Rk = 0.
(25)

Based on the conservation equations presented above, U , F and Q in (19) are as
follows:

U =

 ρ̄gmg
Eg

 , F =

 0

ugρ̄g + T ∗P̄g
ug(Eg + T ∗P̄g)

 , Q =


0

T ∗P
∂φ

∂x
− F̃ρ̄g|vr|vr

us

(
T ∗P

∂φ

∂x
− F̃ρ̄g|vr|vr

)
 . (26)

The macroscopic density and the pressure are ρ̄g = φρg and P̄g = φPg , respectively.
The momentum and the energy are mg = ugρ̄g and Eg = ρ̄g(

1
2
u2
g + eg), respectively,

and the relative velocity between the gaseous and the solid phases, vr , is defined as
vr = ug − us.

The eigenvalues, ak , of the Jacobian matrix A(U ) = ∂F /∂U were found symbolically
to be

a1 = ûg − ĉg, a2 = ûg, a3 = ûg + ĉg, (27)

where ûg and ĉg are defined in (29).
The corresponding right eigenvectors, Rk , were found to be

R1 =

 1

ûg − ĉg
Ĥg − ûgĉg

 , R2 =

 1

ûg
1
2
û2
g

 , R3 =

 1

ûg + ĉg

Ĥg + ûgĉg

 . (28)

The mean value Jacobian A(UL,UR) can be expressed in the form (Roe 1981)

ûj+1/2 =
〈ugρ̄1/2

g 〉
ρ̄

1/2
g

, Ĥj+1/2 =
〈Hgρ̄

1/2
g 〉

ρ̄
1/2
g

, ĉj+1/2 =
{

(γ − 1)(Ĥj+1/2 + 1
2
u2
g)
}1/2

, (29)

where 〈b〉 denotes the arithmetic average of the property b, e.g. 〈b〉 = 1
2
(bj + bj+1).
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The parameters αkj+1/2 were obtained by solving the following linear equation:

U j+1 −U j =

6∑
k=1

αkj+1/2R
k
j+1/2,

resulting in

α1 = 1
2
(C1 − C2), α2 = 1

2
[ρ̄]C1, α3 = 1

2
(C1 + C2),

C1 =
1

ĉ2
g

(γ − 1){[E] + û2
g[ρ̄]− ug[m]}, C2 =

1

ĉ2
g

{[m]− ûg[ρ̄]}

 (30)

where [b] ≡ bi+1 − bi, and b̂ is the average of the property b within the interval
[xi+1 − xi].

3.2. The Lagrangian scheme for solving the balance equations of the solid phase

The scheme for solving the balance equations of the solid phase was based on a
Lagrangian approach (see Hint et al. 1974 and Chan 1975), together with a re-
mapping of the solution to the grid of the gaseous phase, in order to calculate the
exchange of momentum and energy between the gaseous and the solid phases through
the source terms.

The conservation of momentum of the solid phase, in the mass coordinates, is

ms =

∫ X(m,t)

X(0,t)

ρ̄s dV =

∫ X(m,t)

X(0,t)

ρ̄sA dXs. (31)

The conservation of mass for the solid phase is

D

Dt

(
1

ρ̄s

∂ms

∂Xs

)
= 0. (32)

Using the mass coordinate, defined in (31), the momentum equation of the solid
phase is

Dus
Dt

=
∂(τ s − Ps)
∂ms

− (1− φT ∗) ∂pv
∂ms

+
1

ρ̄s
F̃gsφρgugsugs. (33)

The deviator component, τ , was calculated from

Dτx
Dt

=
4

3
Gε̇x = −4

3

∂us

∂X
= −4

3
Gρ̄s

∂us

∂ms
. (34)

The constitutive equation for the flexible porous material (e.g. foam, which in this
study means a highly porous medium, i.e., a material with porosity larger than 0.7)
was taken from Zaretsky & Ben-Dor (1996):

Ps = Ēsηmax

1

3

[
− ln

(
1− η

ηmax

)
− B

(
η

ηmax

)n]
, (35)

where

η = 1− ρ̄s0

ρ̄s
, ηmax = 1− ρ̄s0

ρs
= 1− (1− φ) = φ. (36)

The macroscopic Young modulus of the foam as given by Gibson & Ashby (1988)
is

Ēs = (1− φ)2Es (37)
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where Es is the Young modulus of the solid material of which the skeleton of the
foam is made.

Based on equation (33), the velocity of the solid phase was calculated by

u
n+1/2
j = u

n−1/2
j − (τ nj+1/2 − τ nj−1/2 + Pn

sj+1/2 − Pn
sj−1/2 + qnj+1/2 − qnj−1/2)

∆tv
∆m

−(1− φT ∗)nj (pnvj+1/2 − pnvj−1/2)
∆tv
∆m

+
∆tv
ρ̄nsj+1/2

F̃gsφ
n
j+1/2ρ

n
gj+1/2|ungsj |unsgj , (38)

where the deviator component is

τ n+1
xj+1/2 = τ nxj+1/2 − 4

3
Gρ̄n+1

j+1/2

u
n+1/2
sj+1 − un+1/2

sj−1

mj+1/2

. (39)

The numerical viscosity in this scheme is given by

qn+1
j+1/2 = ρ̄n+1

j+1/2L[aLD − bcn+1
sj+1/2] min(0, D),

D ≡ un+1/2
sj+1 − un+1/2

sj−1 ,

}
(40)

where a and b are the quadric and linear coefficients of the numerical viscosity, and
L is a characteristic length.

The displacement of the solid phase can be obtained by integrating the velocity, i.e.

Rn+1
sj = Rnsj + ∆tvu

n+1/2
sj . (41)

The final step was to re-mesh the grid of the solid phase to be compatible with the
grid of the gaseous phase. This method is known as the ALE (Arbitrary Lagrangian
Eulerian) method (details can be found at Hint et al. 1974). A first-order method was
used to calculate the density and the velocity of the solid phase in the new grid. Once
a solution existed both for the gaseous and the solid phases in the same grid, the
solution for the following time step was initiated. A splitting technique was used to
solve the multi-phase governing equations of the gaseous and the solid phases, which
are coupled through the source terms. First, the balance equations of the gaseous
phase were solved with the source terms as evaluated using the flow properties at the
previous time step. Then, using the same source terms, the balance equations of the
solid phase were solved.

4. Validation of the numerical code
The physical model developed above and the ALE-based numerical code were

validated by performing the following two studies: (a) a quantitative comparison
with both the experimental results of Levy et al. (1993b) and Levy et al. (1996)
and the TVD-based numerical predictions for the case of the head-on interaction of
planar shock waves with elastic rigid porous materials (i.e. small deformations); and
(b) a qualitative comparison with the ingenious experimental results of Skews, Atkins
& Seitz (1993) for the case of the head-on interaction of planar shock waves with
elasto-plastic flexible porous materials (i.e. large deformations). It is important to note
that unlike case (a) for which a quantitative comparison is fully justified since the two-
dimensional effects are negligibly small, only a qualitative comparison could be done
in case (b) in which two-dimensional effects might play a significant role. Furthermore,
even the qualitative comparison was justifiable, and hence conducted, only at the front
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and rear cross-sections of the porous medium where the two-dimensional effects are
negligibly small.

4.1. Case a: Head-on interaction of shock waves with elastic rigid porous materials

Levy et al. (1996) conducted a detailed investigation of this case. Consequently, the
purpose of the results that are presented in the following is only to provide supporting
evidence of the validity of the physical model and numerical code developed here.

Figures 1 and 2 present comparisons of predictions based on the physical model and
numerical code developed here with both the experimental results and the numerical
predictions of Levy et al. (1996) for two cases. In the first case, shown in figure 1,
the head-on collision of an incident shock wave, of Mach number Ms = 1.378, with
a 40 mm long sample made of silicon carbide (SiC) which has 10 pores per inch and
an average porosity of 0.728± 0.016, is shown. Typical results of the experiment and
their numerical simulations, for the gas pressure 43 mm ahead of the front edge of the
porous sample, are shown in figure 1(a). The pressure histories of the gas occupying
the pores of the porous material along the shock tube sidewall (23 mm from the
shock tube endwall) and at the shock tube endwall are shown in figures 1(b) and
1(c), respectively.

In the second case, shown in figure 2, the head-on collision of an incident shock
wave, of Mach number Ms = 1.539, with a 93 mm long sample made of alumina
(Al2O3) which has 30 pores per inch and an average porosity of 0.814 ± 0.010, is
shown. Typical results of the experiment and their numerical simulations, for the gas
pressure 30 mm ahead of the front edge of the porous sample, are shown in figure 2(a).
The pressure histories of the gas occupying the pores of the porous material along
the shock tube sidewall (43 mm from the shock tube endwall) and at the shock tube
endwall are shown in figures 2(b) and 2(c), respectively.

It is clearly seen in both figures 1 and 2 that the predictions of the physical
model and ALE-based numerical code developed here are very similar to those of Levy
et al.’s (1996) TVD-based numerical code. Furthermore, the numerical predictions of
both codes reproduce very well the experimentally measured pressure profiles for
both the silicon carbide and the alumina foams. Consequently, it could be concluded
that our physical model and ALE-based numerical code are valid for the head-on
interaction of shock waves with rigid porous materials.

4.2. Case b: Head-on interaction of shock waves with elasto-plastic flexible porous
materials

Unlike the previous case, the following study and its results are novel and have not
been published so far. Therefore, prior to presenting the results it is worthwhile to
briefly present the state-of-the-art regarding the head-on interaction of shock waves
with elasto-plastic flexible porous materials (e.g. polyurethane foams).

A simple refraction-model-based wave diagram, which was accepted as the state
of knowledge until the early 1990s, is shown in figure 3. The head-on collision of
the incident shock wave, Si, results in two shock waves: a reflected shock wave, Sr ,
back into the gas; and a transmitted shock wave, St, into the foam. The transmitted
shock wave reflects off the shock tube endwall as a shock wave, Str , and returns to
strike the foam/gas interface (foam face), resulting in a shock wave, Strt, transmitted
into the gas and a reflected rarefaction wave, R, back into the foam. This rarefaction
wave then reflects off the shock tube endwall as a rarefaction wave, Rr , and returns to
interact with the foam/gas interface, resulting in a rarefaction wave, Rrt, transmitted
into the gas and a reflected compression wave, C , back into the foam. Owing to the
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Figure 1. Typical experimental results and numerical simulations with a 40 mm long sample made
of silicon carbide (SiC) which has 10 pores per inch and average porosity 0.728±0.016. The incident
shock wave Mach number in this experiment was Ms = 1.378. (a) The pressure history of the pure
gas 43 mm ahead of the front edge of the porous material. (b, c) The pressure histories of the gas
occupying the pores of the porous material along the shock tube sidewall (23 mm from the endwall)
and at its endwall respectively.
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Figure 2. Typical experimental results and numerical simulations with a 93 mm long sample made
of alumina (Al2O3) which has 30 pores per inch and average porosity 0.814 ± 0.01. The incident
shock wave Mach number in this experiment was Ms = 1.539. (a) The pressure histories of the pure
gas 30 mm ahead of the front edge of the porous material. (b, c) The pressure histories of the gas
occupying the pores of the porous material along the shock tube sidewall (43 mm from the endwall)
and at its endwall respectively.
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Figure 3. A simple refraction-model-based wave diagram of the head-on interaction of a planar
shock wave with a flexible porous medium, which was accepted as the state-of-the-art until the
early 1990s.

acoustic impedances ratio at the foam/gas interface the reflection from the foam/gas
interface of a wave approaching from inside the foam is almost total, i.e. shock
and compression waves reflect as rarefaction waves and rarefaction waves reflect as
compression waves. When these waves reflect from the shock tube solid endwall they
do not change their nature, i.e. rarefaction waves reflect as rarefaction waves and
shock/compression waves reflect as shock/compression waves. As a result an almost
periodic structure of alternating rarefaction and compression waves that propagate
back and forth inside the foam between its front and the shock tube endwall is
developed.

Skews et al. (1993) discovered, in the course of a comprehensive experimental
study, that the wave diagram described above is over simplified since it considers the
foam as a single phase while it actually consists of at least two phases (i.e. the solid
skeleton and the gas that occupies the pores). Following their experimental study
they proposed and forwarded an innovative wave diagram of the interaction, which
is shown in figure 4. The incident shock wave, Si, is seen to collide head-on with the
front edge of a 70 mm long foam. As a result of the interaction a shock wave, Sr ,
is reflected upstream (back into the gas) and two waves, Stg and Sts, are transmitted
into the foam; Stg propagates in the gaseous phase that occupies the pores, and Sts
propagates in the solid material of which the skeleton of the foam is made. Note
that Stg moves faster than Sts. (It should be noted here that for simplicity the back-
and-forth bouncing of the alternating compression and rarefaction waves mentioned
earlier are not shown in figure 4.) It is also seen in figure 4 that in response to the
head-on collision of the shock wave, the foam starts to deform and its front edge
(marked ‘foam face’) follows the two transmitted waves. A deformation of about 75%
is seen to take place in the case shown in figure 4. It is also evident that the strong
deformation of the foam is followed by a relaxation. In addition, as a result of the
very strong deformation the gas, which originally was inside the foam and occupied
its pores, crossed the foam/gas interface and emerged out of foam soon after the
foam reached its maximum deformation. This is indicated in figure 4 by the contact
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Figure 4. An innovative wave diagram of the head-on interaction of a planar shock wave with
a flexible porous medium, as proposed by Skews et al. (1993) following their comprehensive
experimental study, which revealed that the wave diagram shown in figure 3 is over-simplified since
it considers the foam as a single phase while it actually consists of at least two phases (i.e. the solid
skeleton and the gas that occupies the pores).

surface that separates the gases that were originally outside and inside the foam. Note
that in the single-phase model the front edge of the foam is considered as the contact
surface, across which the gas cannot flow.

In summary, the two main differences between the over-simplified single-phase
(figure 3) and the more realistic two-phase (figure 4) models are the two transmitted
waves in the latter case as opposed to the one transmitted wave in the former case,
and the emergence of gas from the foam in the latter case.

It is important to note here that the above two-wave diagram models are based on
one-dimensional considerations. In a recent study Kitagawa et al. (2001) showed that
the friction along the shock tube walls and elastic inertia of the porous material in-
troduce two-dimensional effects. Hence, comparisons of one-dimensional calculations
with actual experiments are justified only at the front and rear cross-sections of the
porous material where two-dimensional effects are negligibly small. For large enough
cross-sections or for short enough porous materials the one-dimensional model cal-
culations might also be valid along the centreline. Unfortunately, however, producing
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Figure 5. The pressure enhancement phenomenon at the shock tube endwall as recorded exper-
imentally by Skews et al. (1993). The straight-line stepped trace is the theoretical prediction with
no foam present. The pressure behind the head-on reflected shock wave for a rigid wall reflection
is constant at about 350 kPa compared to a maximal pressure of about 1150 kPa for the case of a
head-on reflection in the presence of the foam.

reliable experimental data along the centreline for polyurethane-type porous media is
almost impossible.

Another interesting experimental feature associated with the head-on interaction
of shock waves with porous media is the pressure enhancement phenomenon at the
shock tube endwall and the dependence of the pressure enhancement on the length
of the foam. Gelfand & Gubin (1975) were the first to experimentally show that the
presence of the foam results in a higher pressure at the shock tube endwall than for
a head-on reflection without foam. The magnitude of the difference was later dealt
with by Gelfand et al. (1983) and Korobeinikov (1989).

Figure 5 shows this pressure enhancement phenomenon as recorded by Skews et
al. (1993). The straight-line stepped trace is the theoretical prediction with no foam
present. It is evident from figure 5 that the pressure behind the head-on reflected
shock wave for a rigid wall reflection is constant at about 350 kPa compared to
a maximal pressure of about 1150 kPa for the case of a head-on reflection in the
presence of the foam.

Gelfand et al. (1983) and Korobeinikov (1989) investigated the dependence of
this pressure enhancement phenomenon on the length of the foam. They showed
that the shape of the pressure pulse at the shock tube endwall is similar as the
length of the foam changes, although the peak pressure increases as the length of
the foam increases up to a length beyond which the peak stabilizes and remains
at an approximately constant level, depending on the material type and the initial
conditions of the experiment. These features are shown in figure 6.

With that background regarding the head-on interaction of shock waves with
elasto-plastic flexible porous materials (e.g. polyurethane foams), typical simulation
results of the physical model and ALE-based numerical code developed here will be
presented. The head-on collision of a shock wave, having a Mach number 1.4, with a
polyurethane foam was simulated. The initial pressure and temperature were 100 kPa
and 300 K, respectively. The properties of the 120 mm long foam were: material
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Figure 6. The dependence of the pressure enhancement, which was shown in figure 5, on the
length of the foam, as recorded experimentally by Gelfand et al. (1983) and Korobeinikov (1989).
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Figure 7. The calculated time-dependent trajectory of the foam/gas interface. It is seen, immediately
following the head-on collision, to move at a nearly constant velocity, in full agreement with
experimental results (see e.g. Ben-Dor et al. 1994), until the foam reaches a maximum deformation
of about 92%. The constant velocity of the front edge of the foam is about 100 m s−1. This value is
close to those measured in similar experiments.

density 1300 kg m−3; porosity 0.98; Poisson ratio 0.45; and Young’s modulus 45 MPa.
The geometrical coefficients associated with the medium, namely the tortuosity factor
and the Forchheimer coefficient, were assumed to be 0.78 and 300 m−1, respectively. An
estimation of the values of these coefficients was required since they are not provided
in the related literature. For this reason, the comparison between the numerical and
the experimental results in the following is only qualitative.

The time-dependence of the trajectory of the foam/gas interface is shown in figure 7.
It is seen, immediately following the head-on collision, to move at a nearly constant
velocity, in full agreement with experimental results (see e.g. Ben-Dor et al. 1994),
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Figure 8. A calculated gas pressure map in the (x, t)-plane. The trajectory of the front edge shown
in figure 7 is superimposed on this figure. The gas pressure is seen to undulate inside the foam as
a result of the periodic structure of alternating rarefaction and compression waves that propagate
back and forth inside the foam between its front and back edges. The undulation of the pressure
is seen to decay with time. The highest pressure (lightest colour) is obtained behind the shock
wave that reflects head-on from the shock tube endwall. (Str in figure 3). The coupling between the
directions of motion of the foam/gas interface and the type of wave that strikes it from inside the
foam, i.e. shock/compression (that increases the pressure and induces a velocity in the direction of
its propagation) or rarefaction (that decreases the pressure and induces a velocity in the direction
opposite to its propagation) is clearly evident.

until the foam reaches a maximum deformation of about 92%. Based on figure 7 the
constant velocity of the front edge of the foam is about 100 m s−1. This value is close
to those measured in similar experiments. At this point the front edge of the foam
is seen to undulate back and forth in a decaying manner. This undulation process is
a direct result of the periodic structure of alternating rarefaction and compression
waves that propagate back and forth inside the foam between its front edge (i.e. the
foam/gas interface) and its back edge (i.e. the shock tube endwall).

A calculated gas pressure map in the (x, t)-plane is shown in figure 8. The trajectory
of the front edge, which was shown in figure 7, is superimposed on this figure. As
a result of the periodic structure of alternating rarefaction and compression waves
that propagate back and forth inside the foam between its front and back edges, the
gas pressure is also seen to undulate inside the foam. The highest pressure (lightest
colour) is obtained behind the shock wave that reflects head-on from the shock tube
endwall (Str in figure 3). As expected the undulation of the pressure decays with time.
The coupling between the directions of motion of the foam/gas interface and the type
of wave that strikes it from inside the foam, i.e. shock/compression (that increases
the pressure and induces a velocity in the direction of its propagation) or rarefaction
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Figure 10. The calculated pressure history on the shock tube endwall. The two traces indicate that
two waves were transmitted into the foam, i.e. a wave that propagates in the gaseous phase that
occupies the pores of the foam (the line labelled as gas pressure), and a wave that propagates in
the solid material of which the skeleton of the foam is made (the line labelled as total normal
stress). These two waves were labelled in figure 4 as Stg and Sts, respectively. The gas-pressure line
shows the gas pressure and the total-normal-stress line shows the overall pressure that is exerted
on the shock tube endwall. It is clearly seen that the presence of the foam causes the pressure to
increase considerably. An increase from about 410 kPa to about 1050 kPa is seen in the calculation
presented. This pressure enhancement is similar to the experimental pressure enhancement results
shown in figure 5.

(that decreases the pressure and induces a velocity in the direction opposite to its
propagation) is clearly evident in figure 8.

A calculated gas density map in the (x, t)-plane is shown in figure 9(a). The
trajectory of the front edge, which was shown in figure 7, is superimposed on this
figure too. The contact surface (see figure 4) that, as explained earlier, is a result of
the extremely strong deformation that forced the gas, which originally occupied the
pores of the foam, to flow across the foam/gas interface and emerge out of the foam
soon after it had reached its maximum deformation, is clearly seen in figure 9(a). For
comparison the gas density map in the (x, t)-plane is shown in figure 9(b) (on a larger
scale) for the case of a head-on collision with a rigid elastic foam, i.e. a foam that
undergoes only small deformations. In this case the contact surface that separated
the gas that originally occupied the pores of the foam and the gas that entered the
foam through the foam/gas interface is clearly seen to be located inside the foam.

The calculated pressure history on the shock tube endwall is shown in figure 10.
The two traces are a direct result of the two waves that are transmitted into the foam,

Figure 9. Calculated gas density maps in the (x, t)-plane: (a) for a flexible elasto-plastic foam
(the trajectory of the front edge shown in figure 7 is superimposed); (b) rigid elastic foam (on a
larger scale). The contact surface (see figure 4) that is a result of the extremely strong deformation
that forced the gas, which originally occupied the pores of the foam, to flow across the foam/gas
interface and emerge from foam soon after it had reached its maximum deformation, is clearly seen
in (a). In (b) the contact surface that separated the gas that originally occupied the pores of the
foam and the gas that entered the foam through the foam/gas interface is clearly seen to be located
inside the foam.
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Figure 11. The dependence of the pressure enhancement on the length of the foam. The peak
pressure increases as the length of the foam increases while the shape of the pressure pulse at
the shock tube endwall remains similar. This behaviour is in full agreement with the available
experimental results (see e.g. figure 6).

i.e. a wave that propagates in the gaseous phase that occupies the pores of the foam
(the line labelled as gas pressure), and a wave that propagates in the solid material of
which the skeleton of the foam is made (the line labelled as total normal stress). These
two waves were labelled in figure 4 as Stg and Sts, respectively. The gas-pressure line
in figure 10 shows the gas pressure and the total-normal-stress line shows the overall
pressure that is exerted on the shock tube endwall. The fact that the gas-pressure
line starts to rise earlier than the toal-normal-stress line is clear evidence that the
wave that propagated in the gaseous phase reached the shock tube endwall before
the wave that propagated in the solid material, i.e. Stg moved faster than Sts. It is
clearly seen that the presence of the foam causes the pressure to increase considerably.
An increase from about 410 kPa to about 1050 kPa is seen in the calculation that is
shown in figure 10. This pressure enhancement is similar to the experimental pressure
enhancement results that are shown in figure 5.

The dependence of this pressure enhancement on the length of the foam is shown
in figure 11. The experimental evidence given above that the peak pressure increases
as the length of the foam increases while the shape of the pressure pulse at the shock
tube endwall remains similar is clearly seen in figure 11. This behaviour is in full
agreement with the available experimental results (see e.g. figure 6).

5. Discussion and conclusions
A physical model and an ALE-based numerical code for calculating the flow field

that is formed when a planar shock wave collides head-on with a porous medium
have been developed. The model and the code were validated by comparing their
predictions with experimental results for two general cases: (a) a rigid porous medium
that can undergo only very small deformations, and (b) a flexible porous medium
that can undergo extremely large deformations. While a quantitative comparison was
conducted in the first case, only a qualitative comparison was performed in the second
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case. Both comparisons revealed good to very good agreement with the experimental
results. However, while the former case has already been studied both analytically
and numerically (using a TVD-based code) by Levy et al. (1996), the latter case has
never been, to the best of our knowledge, modelled and successfully solved. Note that
unlike the first case, for which a quantitative comparison is fully justified since the
two-dimensional effects are negligibly small, only a quantitative comparison could be
done in the second case in which two-dimensional effects might play a significant role.
Furthermore, even a qualitative comparison was justifiable, and hence performed, only
at the front and rear cross-sections of the porous medium where the two-dimensional
effects are negligibly small.

The qualitative agreement between the calculations, shown in figures 7 to 11, and
the experimental results, shown in figures 3 to 6, clearly indicates that the physical
model and numerical code developed here are capable of accurately simulating the
head-on collision of a planar shock wave with a flexible foam.

The numerical results successfully illustrated for the first time the following four
experimentally observed facts: (a) two waves were transmitted into the porous medium
as a result of the head-on collision; (b) gas emerged out of the porous material soon
after the foam reached its maximum deformation; (c) the pressure enhancement effect
of the foam; and (d ) the dependence of the pressure enhancement effect on the length
of the porous medium.

These successful simulations are the first theoretical and numerical validations of
the unique experimental results, which were obtained in the course of the ingenious
experimental investigation of Skews et al. (1993), that constitute the experimental
state-of-the-art regarding the head-on collision of planar shock waves with flexible
porous media.

The physical and numerical approaches that were undertaken by us, in the course
of this study, can be extended to the case in which the pores of the porous medium
are saturated with two fluids rather than one, e.g. a gas and a liquid. This case will
be addressed in a future study.

This study was conducted under the auspices of the Dr Morton and Toby Mower
Professorial Chair of Shock Wave Studies.
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